Abstract. Conjecture Z is a knot theoretical equivalent form of the Kervaire Conjecture. We say that a knot have property Z if it satisfies Conjecture Z for that specific knot. In this work, we show that alternating Montesinos knots with three tangles have property Z. We also show that all the pretzel knots of the form P (p, q, r) (not necessarily alternating) have property Z.
Introduction
The Kervaire Conjecture is a well know combinatorial group theory conjecture. In order to translate Kervaire Conjecture into Knot theory, F. González Acuña and A. Ramírez in [3] stated a knot theoretical equivalent conjecture called Conjecture Z.
Conjecture 1.1 (Kervaire).
For every non-trivial group G the free product group Z * G can not be normally generated by one element.
Conjecture 1.2 (Conjecture Z).
If F is a compact orientable and non-separating surface properly embedded in a knot exterior E, then π 1 (E/F ) ∼ = Z.
In this conjecture, by exterior of a knot, we mean the complement on S 3 of an open regular neighborhood of a knot. This implies that ∂E is a torus, and that F can have many boundary components. In fact, when the numbers of components is exactly one, in [3] F. González Acuña and A. Ramírez proved that π 1 (E/F ) ∼ = Z. So, the interesting case would be when ∂F is disconnected.
We will say that a surface F on the knot exterior E has Property Z if π 1 (E/F ) ∼ = Z. Similarly we say that a knot k has property Z if any F compact orientable and non-separating surface properly embedded in the exterior E of k has property Z. Recently in [6] we proved that, by showing property Z for ICON (incompressible compact orientable and non-separating) surfaces, it is enough to show that a given knot k has property Z. Eudave Muñoz showed in [2] some knots with ICON surfaces with disconnected boundary he proved; that those surfaces have property Z but it is unknown if the knots have it.
In [3] it was proved that fibred knots and rank two knots (knots with fundamental group of rank two) have property Z. In [6] we were able to prove that many pretzel knots of three braids have Property Z. In the present paper we complete the proof for all pretzel knots with three braids and also that all alternating Montesinos knots with three tangles have property Z (see Theorem 3.3) .
This result expands the family of known knots that have Property Z. If we were able to expand this family long enough, so that the family is dominant (see Def. 1.1) the conjecture Z would be true. Definition 1.1. A family of knots F is dominant if for ever knot k in S 3 there is a knot k ∈ F such that there is an epimorphism from the fundamental group of k onto that of k.
Our strategy for tackling Conjecture Z is by proving that Montesinos knots are a family of dominant knots having Property Z. The present work is a step in that direction.
The main technique is by the classification of incompressible surfaces on Montesinos knots developed by A. Hatcher and U. Oertel in [4] . We also use the notion of oriented train tracks developed in [6] .
2. Preliminary 2.1. About oriented weights. As mentioned before, in [6] we introduce the concept of oriented train tracks, that basically are the same as regular train tracks but instead of using positive integers we use elements of P 2 (the free semigroup of rank two) as weights. In this section, we state some basic properties and lemmas about the weights of oriented train tracks.
From the definition of oriented train tracks (see [6] ), three functions take an important role: J, ρ, − : P 2 → P 2 , defined as:
ρ(x 1 , x 2 , . . . , x n ) = (x 2 , x 3 , . . . , x n , x 1 ) (1)
We also denote by ⊕ the operation on P 2 ; this is, ⊕ denotes the usual concatenation of words. And we denote by ρ n as the n times application of ρ when n > 0 and the |n| times application of ρ −1 (the inverse function of ρ) when n is negative; ρ 0 is the identity function. We use |x| to denote the length of the word x. The following properties can be easily verified.
Lemma 2.1. Let x, y ∈ P 2 and ρ and J be the functions defined above. Then:
A new function that we introduce in this paper is Σ(x) = x 1 + x 2 + · · · + x n , where x = (x 1 , x 2 , . . . , x n ) is an element of P 2 ; we think of each x i as an element of {+1, −1}. An important property of this function is described in the following lemma.
Lemma 2.2. Let a ∈ P 2 such that Σ(a) = ±1, then ρ t (a) = a if and only if t is a multiple of |a|.
Proof. Let m = |a|, we are going to prove that m|t. Observe that since ρ m (a) = a then ρ g (a) = a for g = gcd(t, m). Since g|m it follows that a = b ⊕ b ⊕ · · · ⊕ b, m/g times and |b| = g. Then,
But, by definition of g, we get that g|t, so m|t. The converse is obviously true by Lemma 2.1.
The weights of the train tracks we are considering here satisfy that Σ(a) = ±1; this is mainly because ∂F is 1 in H 1 (∂E(k)). This is why the previous lemma and following corollary are going to be frequently used on the study of surfaces throughout this paper. Corollary 2.3. Let a ∈ P 2 such that Σ(a) = ±1 and m = |a| is odd. Then ρ 2(x−y) (a) = a with |x|, |y| < m/2 if and only if x = y.
Proof. By Lemma 2.2 we get that m|2(x − y), since m is odd, we also got that m|x − y. But |x − y| ≤ |x| + |y| < m/2 + m/2 = m, so x − y = 0, i.e x = y.
Incompressible surfaces of Montesinos knots.
In this subsection, we review the algorithm developed by A. Hatcher and U. Oertel in [4] . The algorithm allows us to construct all the incompressible surfaces on a Montesinos knot. First, recall the definition of diagram D. The diagram D is a subset of R 2 with the following simplicial structure (see Fig. 1 ):
• Its vertexes are the points of coordinates (
The edges are segments with ending points at p/q and r/s whenever ps − qr = ±1. We denote these edges by p/q, r/s . • The segments ∞, n where n ∈ Z are also edges.
• The horizontal segments with ending points p/q and p/q 0 are included in the simplicial structure of D.
• Hatcher and Oertel also include 2-simplexes with vertexes on p/q , r/s and u/v whenever each pair of vertexes is connected by an edge. But we are not going to make use of it. In order to compute incompressible surfaces in the exterior of a Montesinos knot M (p 1 /q 1 , p 2 /q 2 , . . . .p n /q n ) we need to compute n edgepaths γ 1 , γ 2 , . . . γ n on diagram D (see Fig. 1 ) satisfying the following conditions:
(E1) The starting point of γ i lies on the edge p i /q i , p i /q i , and if the starting point is not the vertex p i /q i , then the edgepath γ i is constant. (E2) γ i is minimal, i.e., it never stops and retraces itself, nor does it ever go along two sides of the same triangle of D in succession. (E3) The ending points of the γ i 's are rational points of D which all lie on one vertical line and whose vertical coordinates add up to zero. (E4) γ i proceeds monotonically from right to left, "monotonically" in the weak sense that motion along vertical edges is permitted. Once we have an edgepath system satisfying conditions E1-E4, we can construct surfaces in the exterior of M (p 1 /q 1 , p 2 /q 2 , . . . .p n /q n ) as described in [4] . Those surfaces are called candidate surfaces associated to the edgepath system γ i (i = 1, . . . , n). We now briefly explain the constructions of candidates surfaces:
• We first start by dividing S 3 in n balls B 1 , . . . B n , each one containing a rational tangle p i /q i . • This gives us a set of surfaces F i on each ball B i , we can glue them together to form a candidate surface for k. This gluing is possible thanks to condition (E3) for the edgepath system.
• For simplicity we omit many details of this construction, in fact we omit the construction of the constant edgepath and the construction of extended candidate surface. We are not going to make much use of these cases. But for a complete detailed construction we refer to [4] . It is possible to compute the boundary slope of a candidate surface through their edgepath system. For that, we define the twisting of γ i as
where e + (e − ) is the number of edges on γ i that increase (decrease) the slope, and fractional values of e ± corresponding to the final edge are allowed. The part of γ i on an edge with a vertex on ∞ do not contribute to the value of τ (γ i ). Now, if F is a candidate surface associated to the edgepath system γ i satisfying conditions E1-E4, we define the twist of F as
Now, the boundary slope of F can be easily computed as
where
The Seifert surface can also be described as an edgepath system, an explanation of this process can be found in [4] .
One thing to notice is that if p i = 1 and q i > 1 the edgepath γ i has two possible ways to travel from right to left until axis x = 0; one is non-decreasing γ + i and the other one is non-increasing γ − i . We can write the precise formulas as:
When p i = −1 there are also two formulas, they are exactly as above but multiplied by −1:
Now, when the endings of the edgepath system have positive x-coordinate, we say that the associated candidate surfaces are of type I. So, to compute the type I candidate surfaces for a given pretzel P (p, q, r) = M (1/p, 1/q, 1/r) we must solve eight "linear" equations resulting from the following identity:
r (x) = 0 Once we find a solution for the equation (7), we can compute the twist. When the tangle has the form 1/q, The following formula gives us the twist in terms of x and q:
where x satisfies that 0 ≤ x ≤ 1 − 1/q. If we require to compute this formula for negative tangles −1/q, we just multiply by −1:
2.3. The minimum number of sheets. To construct a candidate surface given an edgepath system γ i , the first step is to choose a number m called number of sheets (see [4] ). This number can be chosen from any number satisfying that m|γ i | is an integer for all i. From those possible values of m, the smallest divides all other possible values; we called it minimum number of sheets. The algorithm programed by Nathan M. Dunfield in [1] to compute the boundary slopes of a Montesinos knots, only require to use the minimum number of sheets. But for our problem, we have to consider all possible values for the number of sheets.
Definition 2.4. Given a system γ i of edgepaths, we define the minimum sheets of γ i as the smallest integer m such that m|γ i | is integer for every i.
In the next lemma, we will use the concept of monochromatic edgepath. This concept require coloring the edges of D, this is done as follows. There are only three types of vertexes 0/1 , 1/0 and 1/1 modulo two reduction. Observe that all non-horizontal edges have two different types of vertexes. So we can say that the color of an edge is determined by the type of its ends, meaning that there are three colors for the edges, 0/1, 1/0 , 1/0, 1/1 and 1/1, 0/1 . Definition 2.5. If an edgepath γ does not go along two edges of different color we say that it is monochromatic.
Observe that, by definition, all edgepaths with length less than or equal to one are monochromatic (including constant edgepaths). Lemma 2.6. Let γ i be a system of monochromatic edgepaths satisfying conditions E1-E4. If one of the associated candidate surfaces is orientable and connected, then it has the minimum or twice the minimum number of sheets.
Proof. By [6, Theorem 3.6 and Theorem 3.5] the diagram of possible orientations on a monochromatic edgepath does not depend on the choice of saddles, this implies that the number of components and orientability of a candidate surface does not depend on the choice of saddles. Then, if we fix the number of sheets m, all the candidate surfaces associated to the edgepath system with m sheets have the same number of components and the same type of orientability.
Let m be the minimum number of sheets, observe that m divides m. By the previous paragraph, we only need to construct a non-connected or non-orientable candidate surface for any multiple m of m greater than 2m .
Let F be the candidate surface associated to the given edgepath system but with m sheets. If F is orientable, by taking m/m parallel copies of F , we will obtain an orientable candidate surface F associated to the edgepath system with m sheets, but with m/m > 2 connected components. And we are done in this case.
In case that F is non-orientable, we can take F = ∂η(F ) the boundary of a regular neighborhood of F . This surface is now orientable and has 2m sheets. Applying the same constructions as above, we can find a candidate surface with m = 2km sheets, orientable, but with k > 1 connected components. But if m is an odd multiple of m (let say, m = (2t + 1)m ) we can construct a candidate surface of m sheets by taking t parallel copies of F and one copy of F , obtaining in this way a non-orientable candidate surface.
The previous lemma allows us, in the case of monochromatic edgepaths, to restrict our attention to the minimum number of sheets; twice is not relevant for us, because for ICON surfaces the number of sheets has to be odd.
Corollary 2.7. Let γ i be a system of edgepaths satisfying conditions E1-E4 with ends at vertexes of D, then the associated candidate surface will be connected, orientable and non-separating if and only if its boundary is connected.
Proof. Observe that the minimum number of sheets is one, because the edgepath system has ends at vertexes (the lengths |γ i | are integers).
By [6, Corollary 3 .8], non-monochromatic and ending at vertexes of D will imply non-orientable. Then, all the edgepaths are monochromatic, and by the previous theorem (Theorem 2.6) the number of sheets has to be 1 or 2. But non-separating implies that the number of sheets is odd, so the number of sheets is equal to one. Then the boundary is connected.
Alternating Montesinos knots
Recall that all candidate surfaces can be divided into three types: I, II and III. First we start by proving that no alternating Montesinos knots has a type II or III ICON candidate surface with disconnected boundary. There is another type of candidate surfaces, named extended candidate surfaces in [4] , but we are not considering them here, because as noted in [4] , there are no extended candidate surfaces for three tangles Montesinos knots. Proof. As we seen in [6, Theorem 3.9], if a type II candidate surface is associated to an edgepath system consisting of monochromatic edgepaths of color 1/1, 0/1 then it has exactly m connected components. Now, if there are other colors, they can not be extended more than a fraction of an edge (by monochromaticity condition in [6, Corollary 3.8]) so they are monochromatic or quasi-monochromatic. Then, the diagram of possible orientation can be described using [6, Theorem 3.7] .
As vertical edgepaths are of color 1/1, 0/1 , the possible edgepaths for type II candidate surfaces can be one of the following:
• The cases Red and Green can be quasi-monochromatic or monochromatic depending on whether or not the edgepath contains a fraction of a vertical edge. On both cases, the diagram of possible orientations described in [6, Theorem 3 .7] applies here if we allow r and s to be zero. The diagram of possible orientations is drawn in Fig. 3 .
Case White
Case Red Case Green The first case is when all edgepaths are of the same color, without lost of generality, let say they are Red. So when we identify two diagrams we obtain the relations:
, (r 2 and s 1 can be zero) from these equations we deduce that ρ Analogously, we can apply this argument if all edgepaths were Green and, as we saw in [6, Theorem 3.9] , if all edgepaths were White. Now, the remaining cases are when there are at least two edgepaths of different color. In that case, we have to analyze three different equations resulting after gluing.
Case White with Red. As we can see on Fig. 3 , after identifying the right side of the White diagram of orientations with the left side of the Red diagram, we obtain the following system of equations:
Combining this system of two equations, we get that ρ ±r (b) = ρ ±α (a) = −J(ρ ∓r (b)) = ρ ±r (−J(b)). Then, after canceling ρ ±r we get that b = −J(b), but this will imply that the value in the middle of b will be equal to its negative. The same will happen if we identify the left side of the White diagram with the right side of the Red one. This means that in this case candidates surfaces with an odd number of sheets are non-orientable.
Case White with Green. This is analogous to the previous one, it is impossible because after identifying White with Green, we will get similar equations as before.
Case Red with Green. After identifying the right side of the Red diagram with left side of the Green we obtain the following equations (see Fig. 3 Proof. Recall that an edgepath that arrives at x = 0, has to be monochromatic at that point; otherwise the associated candidate surface would be non-orientable. But when the edgepath keeps moving to ∞ , it can keeps being monochromatic or change to quasi-monochromatic. It is not hard to see, by analyzing the diagram D, that there are only four possible types of edgepaths according to the edge colors they pass through. We will refer to these cases as follows:
• Fig. 3 ; notice that we marked one saddle with r and the other with s; this means, that we are taking r and s parallel saddles, respectively. Moreover, for each edgepath γ i , we are going to denote by r i the number of saddles of the corresponding type and with s i the other.
By condition (E3), the value α = r i + s i is the same for all i. And as we are not beyond ∞ and we are not at type II case, it follows that 0 < α ≤ m.
Let us return to the idea raised above. For each of the type of edgepaths above (Monochromatic Red, Green, etc.), we compute the diagram of possible orientation at x = 0, and then apply their corresponding α saddles. The resulting diagrams are the ones in Fig. 4 and in Fig. 5 . For the monochromatic case, do not forget that the first max{r i , s i } letters of a i are equal to the the corresponding last ones but with opposite signs. r s Figure 3 . Saddles that generate infinity slope pair of arcs.
Red
Green Figure 5 . Diagram of possible orientations for type III quasimonochromatic cases
When we identify the right side of a monochromatic edgepath (green or red) with the left side of a quasi-monochromatic edgepath or vice versa we obtain a pair of relations as follows:
After some simple manipulations (see properties of J and ρ at Lemma 2.1), we get that a i+1 = −J(a i+1 ). This contradicts that Σ(a i+1 ) = ±1. So, the candidate surface would be non-orientable. Then, the edgepaths γ i are all monochromatic or all quasi-monochromatic.
Case on which all edgepath are monochromatic. If we glue the right side of a red diagram of orientations with any other monochromatic (red or green), the relations obtained can be reduced to a i = a i+1 . But if instead we glue the right side of a green diagram of orientations with any other diagram, the relations can be reduced to a i = −ρ α • J(a i+1 ). Observe that the function G = −ρ α •J has order two, that is, G•G(a) = a for all a ∈ P 2 . Then, after considering all the relations resulting from the gluing, we end up with the a i s equal to a 1 or to G(a 1 ). One thing to notice is that
, that implies that Σ(a 1 ) = 0, contradicting the fact that Σ(a 1 ) = ±1.
Then, for any value of a 1 , we get a solution for the set of relations. We conclude that the associated candidate surface have |a 1 | = m connected components.
Case on which all edgepath are quasi-monochromatic. This case is similar to the previous one. The main difference is the way in which the relations are manipulated. For instance, if we identify the right side of a diagram on Fig. 5 and the left side of another of those, we will end with one of the following pair of relations:
Lets work first with Eq. (14); after simple manipulations and a substitution, we get ρ 2(si+1−si) (a i ) = a i . This relation, by lemma 2.3, implies that s i+1 = s i . On Eq. (14), after canceling ρ si = ρ si+1 on both sides we obtain that a i = a i+1 . As s i + r i = α = s i+1 + r i+1 we also got r i = r i+1 . So, summarizing, Eq. (14) implies that s i = s i+1 , r i = r i+1 and a i = a i+1 .
The same will happen on Eq. (15), but we will get instead s i = r i+1 , r i = s i+1 and a i = a i+1 .
Then the set of relations is equivalent to a 1 = a 2 = · · · = a n and the proportions of r i 's and s i 's saddles is the same on each edgepath. implying that the possible orientations of the candidate surface is parametrized by a 1 , which have 2 m−max{r1,s1} different values. So it has m − max{r 1 , s 1 } connected components. But recall that r 1 , s 1 < m/2, then m − max{r 1 , s 1 } ≥ max{r 1 , s 1 } + 1 implying that the candidate surface would be connected only when r 1 = s 1 = 0 and m = 1.
Until this point, we have proved that for any Montesinos knot there are no ICON surfaces with disconnected boundary of type II or III. As a consequence, there will be no ICON surfaces with disconnected boundary on any alternating three tangle Montesinos knot because, as we will see, there are no type I candidate surfaces for alternating Montesinos knots. Proof. By [5] , Montesinos knots reach their crossing number on a simplified Montesinos diagram of the form M (p 1 /q 1 , . . . , p n /q n ); this implies that if the Montesinos knot is alternating, the simplified diagram should be an alternating diagram. But a Montesinos diagram is alternating if and only if all rationals p i /q i have the same sign.
Without loss of generality, we can assume that p i /q i > 0 for all i. Now, any edgepath γ i starts in a positive coordinate point and when it travels to the right it keeps with positive coordinate until x = 0. So, there is no value x > 0 such that γ 1 (x) + γ 2 (x) + · · · + γ n (x) = 0, this is, there will be no candidate surfaces of type I.
By Theorems 3.1 and 3.2, the type II or III ICON candidate surfaces have connected boundary. And by [3] surfaces with connected boundary have property Z.
The only remaining possible candidate surfaces are the extended candidate surfaces. But, in the case of n = 3, there are no extended candidate surfaces.
We could prove theorem 3.3 thanks to the non-existence of extended candidate surfaces, but for more than three tangles this surfaces exist; we were able to construct an extended candidate surface for a Montesinos knot with nine tangles.
Pretzel knots
As we saw in [6] there are ICON surfaces with disconnected boundary on the exterior of some pretzels P (p, q, −r) and those knots have Property Z. In this paper we will prove that for the other pretzels of the form P (p, q, r) there are no ICON surfaces with disconnected boundary. So the result claimed in the abstract will be true; this is because for surfaces with connected boundary the result is well known to be true (see [3] ).
In order to simplify the statement of the following theorem, we introduce the following definition: 
where gcd is the greatest common divisor.
Theorem 4.2 (Main theorem).
A pretzel knot K = P (p, q, r) (with absolute values of p, q and r greater then one) has an ICON surface with disconnected boundary in its exterior if and only if p, q and r satisfy that:
for some ICON allowing triple (a, b, c).
The existence of ICON surfaces and the property Z are valid under permutations of the braids of the Pretzel and also under a reflexion (changing the sign of the three braids). For that reason, the possibilities for p, q and r can be reduced to the following four:
(1) p, q and r positive integers.
(2) p, q odd positive and r odd negative (studied in [6] ). There are no ICON surfaces with disconnected boundary in the knot exterior of a pretzel knot of the form P (p, q, r) with p, q and r positive odd integers greater than 1.
Proof. As we can easily see, there are no Type I candidate surfaces, because no edgepath system will satisfy condition (E4). Type II and III candidate surfaces are covered by Theorems 3.1 and 3.2.
Lemma 4.4. There are no ICON surfaces with disconnected boundary in the knot exterior of a pretzel knot of the form P (p, q, −r) with p, q and r integers greater than 1; p, q odd and r even.
Proof. In this case, there are candidate surfaces of type I. But we can ignore them because none of them has boundary slope equal to zero. This can be proved as follows.
Let γ p , γ q and γ r be the edgepath system corresponding to a type I candidate surface. As we can easily check, each edgepath has only two directions: always decreasing or always increasing. So the twist number can be bounded by the length of these two directions; this is,
As we know, the twist of the Seifert surface is τ (F 0 ) = 2 − 2(p + q), and so we get that
Then, the slope of F is never zero.
By Theorems 3.1 and 3.2, this completes the proof.
In the following final case, we have to work harder to eliminate the possibility of a type I candidate ICON surface.
Lemma 4.5. There are no ICON surfaces with disconnected boundary in the knot exterior of a pretzel knot of the form P (p, −q, r) with p, q and r integers greater than 1; p, q odd and r a even.
Proof. By Theorems 3.1 and 3.2. we only need to prove that there are no type I candidate surface. To do that, we start with the cases when no edgepath is constant.
Case 1: No edgepath is constant. In this case, each edgepath has two possibilities: to be a decreasing function or an increasing function. On the following table we write the equation for each possibility:
Let start by considering the case in which one of the edgepaths γ p or γ r is decreasing (value equal to 1 − x). Without lost of generality assume that γ p (x) = 1 − x, then observe that γ −q (x) ≥ x − 1, this implies that the sum γ p (x) + γ −q (x) + γ r (x) ≥ γ r (x) > 0. So there will be no candidate surface by condition E1.
Then, both γ p and γ r have to be increasing functions, meaning that γ p (x) = x/(p − 1) and γ r (x) = x/(r − 1). Now, we analyze the two possibilities for γ −q . Case 1.1 γ −q (x) = −x/(q − 1) In this case, the only way that equation γ p (x)+γ −q (x)+γ r (x) = 0 has a solution is when p, q and r satisfy:
Observe that the three edgepaths have length at most 1; moreover we have the following inequalities:
This implies that −2 < τ (γ p ) + τ (γ −q ) + τ (γ r ) < 4. But we want this twist to be equal to the twist of the Seifert surface (in order to obtain a zero boundary slope surface); then −2 < 2(q − p) + 2 < 4 which is equivalent to −2 < q − p < 1. But as q and p are odd their difference is even, so p = q. But this, together with condition (16), implies that 1/(r − 1) = 0, which is impossible.
In this case, the equation γ p (x) + γ −q (x) + γ r (x) = 0 gets the form,
whose solution is:
Then we compute the twist τ using formula (8):
Now, the twist of a Seifert surface is τ (F 0 ) = 2(q − p) + 2 then, F will have zero slope only if
After some simple manipulations we obtain that p = 1, but this is impossible since we require p > 1. This completes Case 1.2 and by consequence Case 1.
Case 2: At least one constant edgepath. If one edgepath is constant, then we are looking for a solution of (7) but with x ≥ min{1 − 1/p, 1 − 1/q, 1 − 1/r} = 1 − 1/ min{p, q, r}.
First, lets prove that min{p, q, r} = q. If min{p, q, r} < q, then we will have that p = min{p, q, r} or r = min{p, q, r}; without loss of generality, assume that p = min{p, q, r} < q.
Under these conditions, if there is a solution of (7) with one constant edgepath, we necessary will get that γ p ≡ 1/p (is constant). Then we are looking for a solution of (7) where 1 > x ≥ (p − 1)/p.
Notice that γ r (x) > 0 and γ −q (x) > min{x − 1, −1/q}, then
This implies that there will be no solution in this case. The same occurs when r = min{p, q, r}. So, we must have that q = min{p, q, r}. As we are looking for solutions with
Now, notice that it is impossible for the three edgepaths to be constant, because of the parity conditions on p, q and r, they can not satisfy condition E3. So, the only possibilities are when just one or two of the edgepaths are constant.
Case 2.1: Only one edgepath is constant By the observations made previously, the constant edgepath is γ −q . The other two are non-constant, so we now analyze the possibilities, and solve the corresponding equations and compute the slope.
We begin with the case where γ p = γ − p and γ r = γ − r . Observe that the twist for each of this edgepath is bounded between 0 and 2 (never reaches 0, neither 2). So, the twist τ (F ) of any candidate surface F associated to this edgepath satisfies 0 < τ (F ) < 4. But, the twist of Seifert is 2q − 2p + 2 which is an even integer, and the only even integer between 0 and 4 (not including 0, neither 4) is 2, so 2q − 2p + 2 = 2 then p = q. As γ −q is constant and p = q then γ p has to be constant, implying that 2 = τ (F ) = τ (γ r ) it is impossible for τ (γ r ) to be 2 since this implies γ −r reaches x = 0.
For the other three cases we will compute the possible values that satisfy (7). The following table summarizes those computations. We can discard the ++ case because the solution corresponds to vertexes at end of γ p and γ r ; so by Corollary 2.7 the associated candidate surface will have the number of sheets equal to one, so the boundary will be connected.
For the other two cases, we now compute the x coordinate when the twist is equal to Seifert twist. Because we want zero slope candidate surfaces, this x value has to be equal to the computed above. In the case +−, the equation (18) is the condition to get a candidate surface of zero slope. After applying some basic algebraic manipulations the condition turns out to be equivalent to q = 1, which contradicts the hypothesis about q.
(18) q − 1 q r − 1 r − 2 = (q − 1)(r − 1) q(r − 1) − 1
In the case −+, we write again an equation, but the equation can not be reduced as above, so we only apply some basic algebraic manipulations and write it down in the form (19) (19) (p − 2)(q + r − p − 1) (p − 1)(q + r − p) − 1 = q − 1 q
Reducing modulo 2 (taking to account that p, q ≡ 1 and r ≡ 0 modulo 2) we obtain a contradiction.
Case 2.2: Exactly two edgepaths are constant When two edgepaths are constant the twist of the candidate surface is equal to the twist of the non-constant edgepath. As we want the slope of the surface to be zero, then the twist has to be an even integer, meaning that the non-constant edgepath ends at a vertex. Then, by Corollary 2.7, the candidate surface will have connected boundary.
Final comments
The results obtained here are a step toward proving that all alternating Montesinos knots have property Z, the remaining step is to solve the case for extended candidate surfaces. The prove for three tangles pretzels give us an idea of how difficult it gets when we try to prove property Z for non-alternating knots. This tell us that for the general case of Montesinos knots (not necessarily alternating) we have to improve our techniques.
